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ABSTRACT: On-the-fly trajectory-based nonadiabatic dynamics
simulation has become an important approach to study ultrafast
photochemical and photophysical processes in recent years.
Because a large number of trajectories are generated from the
dynamics simulation of polyatomic molecular systems with many
degrees of freedom, the analysis of simulation results often suffers
from the large amount of high-dimensional data. It is very
challenging but meaningful to find dominating active coordinates
from very complicated molecular motions. Dimensionality
reduction techniques provide ideal tools to realize this purpose.
We apply two dimensionality reduction approaches (classical multidimensional scaling and isometric feature mapping) to analyze
the results of the on-the-fly surface-hopping nonadiabatic dynamics simulation. Two representative model systems, CH2NH2

+

and the phytochromobilin chromophore model, are chosen to examine the performance of these dimensionality reduction
approaches. The results show that these approaches are very promising, because they can extract the major molecular motion
from complicated time-dependent molecular evolution without preknown knowledge.

1. INTRODUCTION

Nonadiabatic dynamics plays an essential role in photophysics
and photochemistry.1−3 The simulation of nonadiabatic
dynamics is not a trivial task because of the breakdown of the
Born−Oppenheimer approximation.4 Within the framework of
quantum dynamics, several theoretical methods were proposed
to simulate nonadiabatic dynamics, including standard quantum
dynamics,4 the multiconfiguration time-dependent Hartree
method (MCTDH),5 multilayer multiconfiguration time-
dependent hartree method (ML-MCTDH),6 and quantum
dissipative dynamics4,7 based on density operator. However, it
is only possible to use these methods to treat the nonadiabatic
dynamics of small molecular systems, model systems with
reduced dimension, or the simplified Hamiltonian with specific
forms, such as spin-boson or linear vibronic coupling models. To
solve the nonadiabatic dynamics of complex systems, great
efforts were also made to develop trajectory-based and Gaussian-
wavepacket-based dynamical methods within the frameworks of
mixed quantum-classical and semiclassical approaches, such as
Ehrenfest dynamics and its variation,8−13 ab initio multi-
configurational Ehrenfest (AI-MCE),14 trajectory surface hop-

ping (TSH),15−29 quantum classical Liouville equation,30−35

quasiclassical or semiclassical dynamics with mapping
model,36−41 ab initio multiple spawning (AIMS),42 variational
multiconfiguration Gaussian (VMCG),43 and other ap-
proaches.44−47 The direct combination of trajectory-based
methods and electronic-structure calculations allows us to
propaga te t r a j ec tory in the manner o f on- the -
fly.16,17,19−22,42,48−53 This opens a possible way to simulate the
full-dimensional nonadiabatic dynamics of complex realistic
systems at the atomic level.
Normally, the trajectory-based methods require the prop-

agation of a large number of trajectories and the average of these
trajectories gives the molecular evolution in the nonadiabatic
dynamics. Beside the time-dependent electronic population, the
characterization of nonadiabatic dynamics also requires the
analysis of other simulation results, for instance the geometrical
evolution with respect to time, geometrical features associated
with nonadiabatic transitions near potential energy crossings and
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the evolution of electronic characters. Such analysis provides the
direct understanding of active reaction coordinates responsible
for nonadiabatic decay. In the analysis of on-the-fly TSH, a very
simply way is to pick up a few “typical” trajectories representing
the characteristic features in dynamics evolution. This widely
used protocol provides a direct view of the time-dependent
geometrical evolution by eye view. By comparing the initial
geometries and hopping geometries, we easily identify reaction
coordinates. It is also possible to plot several internal coordinates
vs time and to find important ones. However, this approach faces
two challenging issues. (1) How to select the “representative”
trajectory and how to characterize the overall trajectory
distribution in the high-dimensional coordinate space? (2)
How to find a suitable way to characterize reactive coordinates if
many internal molecular coordinates are involved in non-
adiabatic dynamics? The answer to the first question seems not
difficult, because we may simply plot the time-dependent
distribution of involved internal coordinates based on many
trajectories instead of only a few. However, the answer to the
second problem is not straightforward, because many nuclear
degrees of freedom may strongly mix in the nonadiabatic decay.
Overall, as pointed out recently by Tully, the analysis of
trajectory-based nonadiabatic molecular dynamics represents a
great challenge.54

In the mathematical view, a single geometry snapshot is
represented by a point in a high-dimensional coordinate space,
which is characterized by a high-dimensional vector. The overall
geometry evolution in the propagation of many trajectories
corresponds to the motion of a swarm of points (or a density
distribution) in this high-dimensional space. Thus, the
identification of reactive coordinates responsible for the
nonadiabatic dynamics is equivalent to the construction of the
effective moving pathways in the high-dimensional space.
Possibly, these pathways may lie within a low-dimensional
reduced subspace embedded in the original high-dimensional full
space. This view allows us to consider the identification of active
coordinates in nonadiabatic dynamics as a so-called “dimension-
ality reduction” task.55 In the last decades, many linear and
nonlinear dimensionality reduction methods were proposed in
the research field of machine learning (ML), which includes
principal component analysis (PCA),56−58 multidimensional
scaling (MDS),59−61 isometric feature mapping (ISOMAP),62,63

diffusion map,64,65 and so on. These methods show great impacts
to several research fields, such as pattern recognitions, language,
and figure recognitions and artificial intelligence. These
dimensionality reduction methods and their modified versions
were used to analyze the results of the ground-state molecular
dynamics.55,66−70 An overview of all technical details of these
methods and their application in ground-state molecular
dynamics can be found in a recent review paper.55 However,
much less work was done in the employment of these
technologies to analyze the excited-state nonadiabatic dynamics.
Only recently, some initial efforts were devoted in this field. For
example, the diffusion map and PCA were used in the data
analysis of nonadiabatic dynamics.71−74 Thus, more studies
should be performed to employ various dimensionality reduction
approaches, in order to extract the effective reaction coordinate
from nonadiabatic dynamics simulation. Although the employ-
ment of these dimensionality reduction tricks in principle does
not require the preknowledge of the reaction mechanism, great
caution should be paid in implementation and analysis. The brute
force employment of these pure mathematical methods may
result in artifacts in data analysis, because no physical insight is

involved. Thus, it is also necessary to carefully check the
performance of these ML-based dimensionality reduction
methods as tools to analyze the nonadiabatic dynamics.
In this contribution, we try to use dimensionality reduction

approaches in the investigation of the geometrical evolution in
nonadiabatic dynamics. Two widely used dimensionality
reduction technologies, classical MDS and ISOMAP, are
employed to identify the geometrical evolution features from
the TSH calculations, and to build the active reaction coordinates
responsible for nonadiabatic dynamics. After the detailed
discussion on implementation details, we use classical MDS
and ISOMAP to examine the dynamical evolution of two typical
model systems, CH2NH2

+ and phytochromobilin chromophore
(PΦB) model. Although the current work is based on the TSH
calculations, it is also possible to use these analysis protocols in
other trajectory-based nonadiabatic dynamics methods. This
treatment may significantly reduce the difficulties in the analysis
of the geometrical evolution in the nonadiabatic dynamics of a
polyatomic system, particular in the case that many degrees of
freedom are involved.
This work is organized as follows. Section 2 focuses on the

theoretical and computational details. After the basic theories of
classical MDS and ISOMAP were introduced, various
implementation details, from data prescreening to effective-
coordinate construction, are discussed. Section 3 discusses the
performance of classical MDS and ISOMAP in the analysis of
nonadiabatic dynamics of two model systems, CH2NH2

+ and
PΦB model. Section 4 gives the summary of the current work.

2. THEORETICAL METHODS AND COMPUTATIONAL
DETAILS
2.1. Theoretical Methods. 2.1.1. Classical Multidimen-

sional Scaling. If many data points exit in a high dimensional
space, it is not possible to examine their distribution pattern by
eye view directly. A possible treatment on this type of problems is
to create a group of points with the same number in a low-
dimensional space, which preserves the distribution pattern of
original data set. This idea of dimensionality reduction provides
us a straightforward way to investigate the distribution of data set
under study, because it is much easier to “see” these points in the
low-dimensional space.
The classical MDS is one of widely used dimensionality

reduction methods,56,60 which tries to construct the low-
dimensional embedding pattern that preserves all pairwise
dissimilarities between data points under study. The basic
principle of classical MDS is outlined here and all theoretical
details can be founded in previous works.60

We define the pairwise dissimilarity matrix D, in which each
element dij represents the so-called “distance” between two data
points. Later on, we also call D as the “distance matrix” in this
work for illustration.
The scalar product matrix B is obtained using the below

equation

= −B JD J
1
2

2
(1)

where D is a squared proximity matrix as

= dD [ ]ij
2

(2)

and J is a center matrix as

= − −nJ I 11T1
(3)
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where I is unit matrix and n is the number of objects.
The diagonalization of the B matrix gives a set of eigenvalues.

After sorting the eigenvalues from largest to smallest, the
important dimension is identified. The larger eigenvalue
corresponds to more important dimension. For instance, if a
reduced space with m-dimension is considered, we keep the m
largest positive eigenvalues λ1 ...λm and the corresponding m
eigenvectors e1 ... em.
Embedding coordinates of all points in the low-dimensional

space are obtained by

λ

λ

= ···

⋯

⋮ ⋱ ⋮

⋯

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
e eL ( )

0

0
m

m

1

1

(4)

The relative embedding error in the dimensionality reduction is
computed according to the stress function introduced in the
MDS textbook.60

2.1.2. Isometric Feature Mapping. When a data set is
distributed over a manifold, the distribution pattern of these data
points is not well described by the pairwise Euclidean distance
matrix. In this case, dimensionality reduction approaches within
the framework of manifold learning may become useful. One of
such approaches is the ISOMAP method,62,63,66 which performs
the classical MDS analysis based on the distance matrix
represented by the so-called “geodesic distance” instead of the
“Euclidean distance”.
The ISOMAP idea is easily understood. In principle the

pairwise geodesic distance matrix should provide a better
representation of the distribution pattern of a data set over a
manifold. The “geodesic distance” between two points can be
approximated by the possible shortest hopping pathway through
all interconnected neighbor points. After the construction of the
pairwise geodesic distance matrix, the next step goes back to the
classical MDS analysis.
2.1.3. Trajectory Surface Hopping Dynamics. In this work,

we mainly discuss the dimensionality reduction analysis of the
geometry evolution in on-the-fly Tully’s TSH simulation,
although it is trivial to use the similar analysis protocol in other
trajectory-based methods. We outline the concept of Tully’s
TSH approaches, because all details can be found in many
previous works.15−17,21,22,27 In the Tully’s TSH framework, the
nuclear motion on the single potential energy surface is treated
by numerical propagation of the classical trajectory. The
electronic wave function was treated by quantum evolution.
Nonadiabatic transitions between different electronic states were
considered via Tully’s fewest switches approach.15 After the
combination of the on-the-fly dynamics, the TSH approach
becomes extremely powerful in the treatment of relatively large
and realistic molecular systems at atomic level with full degree of
freedom. The decoherence correction (with the parameter α =
0.1 hartree) proposed by Granucci et al. was employed.75 The
initial conditions (such as geometries and velocities) in the
dynamic simulations were generated from the Wigner
distribution of normal modes of the ground state. All dynamics
calculations and data analyses were done within the developing
version of the JADE package,21,22 which includes a module to
interface with several electronic-structure methods in different
standard quantum chemistry packages.
2.2. Implementation Details.To employ the classical MDS

and ISOMAP in the analysis of the nonadiabatic dynamics
trajectories, we need to collect many geometry snapshots during

the trajectory propagation. A pairwise distance matrix is built to
describe the “dissimilarity” between two geometries. Following
the idea of previous works,71 we use the root-mean-square
deviation (RMSD) of two geometries to represent their
dissimilarity. The resulted distance matrix is directly used in
the further classical MDS analysis. To perform the ISOMAP
analysis, we need to build the pairwise geodesic distance matrix
and then perform the classical MDS analysis. After the classical
MDS or ISOMAP analysis, all molecular geometries in
nonadiabatic dynamics evolution are represented by a group of
data points in a low-dimensional space. The “distance” between
two geometries is represented by the Euclidean distance between
two corresponding points in this low-dimensional space. Overall,
the distribution of data points in the low-dimensional space
should provide a direct view of the trajectory propagation in the
original high-dimensional coordinate space. Next we discussed
implementation details.

2.2.1. Geometry Collection. Let us assume that many
trajectories are generated from the TSH calculations. Several
geometries are selected in each trajectory, which include the
starting geometry at time zero, many snapshots in the trajectory
propagation with certain time intervals and geometries at hops.
We collected these selected geometries over all trajectories to
define a preliminary geometry database. We also added the
ground-state minimum geometry (or several minimum-energy
geometries) into this database, because it naturally defines a
starting reference in trajectory analysis.
After a trajectory hops back to the ground states, the excessive

kinetic energy may simply result in a highly distorted molecular
geometry or even cause the cleavage of the system in the lack of
dissipation. To distinguish the nonadiabatic decay dynamics and
the further “hot” molecular motion on the ground state, we may
stop the geometries snapshot to avoid the system dissociation.
Certainly, sometimes the system does not break after jumping
back to the ground state and the photoproducts are formed. In
this case, we do not need to stop the trajectory counting and the
geometry evolution may give a full dynamical picture of
photoinduced reactions, namely from reactants to products.

2.2.2. Calculation of the Pairwise Dissimilarity/Distance
Matrix. The dissimilarity or distance between any two geo-
metries is computed by measuring their RMSD. The calculation
of the RMSD follows previous works,76,77 which removes the
contribution of translational and rotational motions. If necessary,
symmetric operations (such as mirror reflection and permutation
of identical atoms) should also be taken into account in the
RMSD calculations. The pairwise distance matrix defines a fully
connected network or a graph, in which each node corresponds
to a selected geometry and the internode connection represents
their dissimilarity.
A few of highly distorted geometries may appear, which are far

from the starting points or ground-state minimum. The existence
of these “strange” geometries may give strange numerical results,
although they are very rare. We should carefully remove them
and check the analysis result. In practices, we define the ground-
state minimum as the reference point, because all trajectories
start from some initial geometries near it. The “distances”
between all geometries and ground-state minimum were
computed. When the distance is larger than a cutoff value, we
do not take the corresponding geometry into account. The setup
of reasonable cutoff values was possible by carefully checking the
final results. In this way, we sometimes disregard < 5% points in
the final analysis.
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2.2.3. Classical Multidimensional Scaling (MDS). Starting
from the distance matrix, we performed the dimensionality
reduction by using classical MDS. The leading eigenvalues are
given and the embedding coordinate of each point in the low-
dimensional space is computed. In the current analysis, the total
number of geometries is not extremely huge. Thus, we do not use
additional tricks, such as the selection of landmark points61,66 and
clustering technologies,66 to reduce the number of geometries.
These tricks should in principle become very helpful if an
extremely huge amount of geometries are involved.
2.2.4. Isometric Feature Mapping (ISOMAP). In ISOMAP,

the classical MDS analysis should be performed based on the
pairwise geodesic distance matrix. As discussed previously, the
pairwise distance (or RMSD) matrix corresponds to a fully
connected graph, in which each node represents a selected
geometry and the associating connecting distance reflects the
distance between two nodes. We cut the connection between
two nodes when their distance is larger than a threshold. Two
ways were normally used to set up this cutoff threshold, either by
giving the largest cutoff distance (ε-ball approach) or by setting
the maximum number of connecting nodes for each node (k-
point approach).62,63 This step gives us a partial interconnected
graph.
Next, the pairwise geodesic distances for all nodes were

constructed by using Dijkstra’s algorithm78,79 or the Floyd−
Warshall algorithm.79−81 In principle we wish to get a new fully
connected graph, in which all nodes are connected and the
distance between two nodes reflect their geodesic distance. In
practices, only the k-point approach gives us a fully connected
graph, while the ε-ball approach may not. When ε is too small,
the resulted graph may not be fully connected. For example, the
whole graph may be divided into a few subgraphs that are not
connected to each other, or a few of the nodes may be isolated.
This results in the numerical problem in the further analysis
because the “residual” infinity distances become dominant in the
dimensionality reduction. In this case, we removed all points that

are not connected to the point representing ground-state
minimum and then defined a smaller fully connected graph.
Certainly, we need to avoid that too many points are removed. In
both ε-ball and k-point approaches, the dependences of
embedding errors on dimension, cutoff ε or k values, are
carefully checked.

2.2.5. Further Analysis of Geometry Evolution. We plotted
the embedding coordinates as scattering points in the low-
dimensional space spanned by reduced coordinates. Each point
represents a geometry snapshot. After grouping geometries with
similar reduced coordinates, we obtain a clear view on
geometrical feature. The correlation between reduced coor-
dinates and internal coordinates is constructed by averaging all
geometries within a grid. Then the leading reaction coordinates
are easily identified by following the pathway from starting points
to hopping points, as well the time evolution of all points.

2.2.6. Implementation Issues. The RMSD between two
geometries is computed with a simple homemade FORTRAN
code and the algorithm was taken from previous work.76,77 Most
analysis codes were written with Python language. A few of the
Python routines, including data prescreening and data analysis,
were developed based on the Scikit-learn toolkit.82,83 For
example, the pairwise geodesic distance graph was constructed
by calling the inner module of Scikit-learn Python toolkit.
Because the MDS module in Scikit-learn Python toolkit is not
implemented in the way of standard classical MDS, we developed
the python routine for this purpose.

3. RESULTS
3.1. CH2NH2

+ Results. The nonadiabatic dynamics of
CH2NH2

+ was investigated by the TSH method at the SA3-
CASSCF(6,4)/6-31G* level (three states in the state average
calculation with six electrons in four orbitals: two σ, one π, and
one π*), the JADE code21,22 on the basis of the MOLPRO
program84 was used to simulate the nonadiabatic dynamics. The
initial state is S2 and we totally consider 100 trajectories. For each

Figure 1. (a) Eigenvalue spectrum for the classical MDS analysis of the nonadiabatic dynamics of CH2NH2
+ without symmetry consideration. (b) The

embedding error as the function of dimension. (c) Locations of sampled geometries in the low-dimensional space spanned by two leading reduced
coordinates RCI and RCII. Color codes indicate the time dependent dynamics process. Geometrical aggregations in four representative locations are
shown. (d) Locations of the initial geometries and the hopping geometries in the two-dimensional reduced space.
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trajectory, the snapshots are taken at every 2 fs and the maximum
time to stop the geometry record is 100 fs. When a trajectory
stays on the ground state for more than 20 fs after the internal
conversion, we stop count geometries. The ground-state
minimum-energy geometry and the first S1 → S0 hopping
geometries were also included. Totally 4458 geometries were
collected to form a database. Then the pairwise dissimilarity
matrix was computed by measuring the RMSD between all
geometry pairs. Next we removed the geometries far from the
ground-state minimum; ∼5% geometries were discarded.
3.1.1. Classical MDS Analysis without Symmetry Consid-

eration. To get a preliminary understanding of the nonadiabatic
dynamics of CH2NH2

+, we first consider the classical MDS
analysis based on the RMSD matrix without symmetry
consideration. Both eigenvalues and embedding errors decrease
with the dimension increasing, see Figure 1a,b. Because the first
and second dimensions are dominant as shown in Figure 1a, we
plot the representing points in the two-dimensional space,
spanned by two leading coordinates, RCI and RCII in Figure 1c.
They can be treated as the major reactive coordinates. The
geometrical motion in the nonadiabatic dynamics vs time is
reflected by the evolution of the scattering points in Figure 1c. It
is clear that the data points representing the trajectory
propagation clearly form a circle, more precisely an ellipse. The
major axis of this ellipse is basically parallel with RCI, which is
slightly longer than the minor axis parallel with RCII. Because we
did not take symmetry into account, this ellipse in fact directly
reflects the internal rotation of the CN bond in the nonadiabatic
dynamics of CH2NH2

+. The starting geometrical aggregation
(labeled as a) is not far from the crossing point between the
major axis and the ellipse itself. In the geometrical aggregates b
and d, two moieties at the C and N sides are nearly perpendicular
to each other. We have two such geometrical aggregates with a
similar number of structures because the internal rotation of the
central CN bond may take place along the clockwise or
anticlockwise pathway. The structure aggregate d collects all
structures after the 180° rotation of the C−N bond. The current
ellipse perfectly explains the internal rotation of the C−N bond,
and the hop may take place at different torsional angles.
However, the simple two reduced coordinates cannot provide
more insight on other important molecular motion; for example,
we easily see that some hopping geometries overlap with the
starting geometries as shown in the Figure 1d. In one word, when
no symmetry is considered, the limited information in the two-
dimensional space may not provide detailed understanding on
the geometry evolution.
3.1.2. Classical MDS Analysis with Symmetry Consider-

ation. Next the symmetry properties (permutation of identical
atoms and mirror reflection) were taken into account in the

construction of RMSD distance matrix, and then the classical
MDS was performed. Two largest eigenvalues are dominant and
the embedding errors rapidly decrease with the dimension
increasing, as shown in Figure S1 of Supporting Information. The
geometry evolution in the two-dimensional space is given in
Figure 2a. Under symmetry considerations, the clockwise and
anticlockwise internal rotations along the CN bond are
equivalent, and thus the distribution of data points does not
give a circle. The starting geometries are located near RCI≈−0.2
and RCII ≈ 0.15. In the early stage of dynamics, these points
mainly move more along the RCII direction. Afterward, they
move along the RCI direction, and a large area of two-
dimensional space is covered. Most importantly, initial geo-
metries and hopping geometries are clearly separated as shown in
Figure 2b. The inclusion of symmetry consideration displays
more details of molecular evolution.
By checking geometry aggregates at different grid regions in

Figure 3, we know that RCI mainly refers to the central CN

torsional motion and RCII is governed by the CN stretching
motion. This relationship between the reduced coordinates and
internal coordinates (average over geometries within a small
grid) is further confirmed by Figure 4. It is clear that the RCI is
relevant to the torsional motion along the CN bond because one
of HCNH dihedral angle changes from ∼10° (RCI ≈ −0.25) to
∼70° (RCI ≈ 0.25). However, the RCI almost does not depend
on the CN stretching motion. As the contrast, the RCII is not
relevant to the torsional motion but highly correlated to the CN
stretching motion. Within the two-dimensional space, the
geometrical evolution in the nonadiabatic dynamics of
CH2NH2

+ is easily analyzed. In the early stage of dynamics, the
system mainly experiences the CN stretching motion on the
excited states. Later on the torsional motion starts. The hops

Figure 2.Classical MDS analysis of the nonadiabatic dynamics of CH2NH2
+ with symmetry consideration. (a) Locations of the sampled geometries as a

function of RCI and RCII. Colors indicate the evolution over time. (b) Locations of the initial geometries and the hopping geometries in the map.

Figure 3. Geometry aggregates at a few important grid regions with
different values of RCI and RCII.
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back to the ground state may take place when the CN stretching
motion is dominant or torsional motion is dominant. Some hops
may also happen with the mixture of two internal motions. This
picture is consistent with the previous studies results on the
dynamics of CH2NH2

+.16,17,21,26,85 More interestingly, the
previous study figured out that the S1/S0 conical intersection
seam is relevant to the torsional coordinate along the CN bond
and the CN stretching coordinate. With more torsional angle,
less stretching motion is required to access the conical
intersection seam. This feature is exactly consistent with the
hopping distribution in the reduced space (see Figure 2b).

It is well-known that the pyrimidalization plays an essential
role in the nonadiabatic dynamics of CH2NH2

+,16,17,21,26,85 that
is, the minimum protonated-Schiff-base (PSB) model. In fact,
such a type of hydrogen-out-of-plane (HOOP) motion is also
very important in the nonadiabatic dynamics of other PSB
systems.86−88 Thus, it is very interesting to examine whether the
current analysis protocol can identify such a critical feature.
Starting from Franck−Condon region (RCI ≈ −0.2 and RCII

≈ 0.15), we considered three different paths, A, B, and C as
shown in Figure 5a. Six representative dihedral angles (D1−2−6−5,
D1−2−5−6, D2−1−3−4, D2−1−4−3, D3−4−2−1 and D6−5−1−2) were
chosen to characterize the pyramidalization, and the atomic

Figure 4. Averaged values internal coordinates vs reduced coordinates. (a) CN bond torsion angle vs RCI. (b) CN bond length vs RCI. (c) CN bond
torsion angle vs RCII. (d) CN bond length vs RCII.

Figure 5. Six dihedral angles (relevant to the pyramidalization motion) vs reduced coordinates in the Classical MDS results: (a) three selected pathways
(A, B, and C); (b) along the A pathway; the inserting panel gives the CH2NH2

+ geometry and atomic labels; (c) along the B pathway; (d) along the C
pathway.
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labels were shown in Figure 5 (b). The A pathway describes the
pure twisting motion in which the RCI changes and RCII
remains unchanged. We clearly see that the pyramidalization
angles increase along the A pathway (Figure 5b). Along the B
pathway, the RCII changes, while RCI remains unchanged. This
pathway describes the pure CN stretching motion and the
pyramidalization is also relevant (Figure 5c). The C pathway
describes that both CN twisting and stretching motions are
involved (Figure 5d), which starts from the FC region to the
ending point near RCI ≈ 0.25 and RCII ≈ −0.35, Along it, we
also see the contribution of pyramidalization. This shows that
pyramidalization contributes to two dominant reduced coor-
dinates (RCI and RCII). Also because of this reason, it is not
suitable to check the dependence of pyramidalization vs only one
reduced coordinate by averaging of relevant dihedral angles over
other reduced coordinates. Overall, the identification of
pyramidalization as the reactive coordinate is possible within a
two-dimensional reduced space spanned by RCI and RCII.
As a short summary, RCI is mainly correlated to the torsional

motion along the CN bond while RCII is relevant to the
stretching motion along the CN bond. The pyramidalization
motions, on the other hand, contribute to both RCI and RCII.
3.1.3. ISOMAP Analysis with Symmetry Consideration.

Next, we try to perform the ISOMAP analysis, in which both ε-
ball and k-point cutoff approaches were examined. As shown in
Figure 6, when the cutoff threshold is large than 0.4 in the ε-ball
approach, the distribution of data points in the low dimensional
space is very similar to that obtained by classical MDS. When this
value becomes smaller, the different distribution patterns appear
and the embedding error rises (Figure S2). Only when the cutoff
threshold is less than 0.15 does the embedding error start to
decrease again. Although different distribution patterns appear
with small ε, too many data (>50% in the ε < 0.15 case) were
disregarded due to their nonconnectivity. Thus, we do not
discuss the results from the ε-ball ISOMAP analysis.
When the k-point cutoff approach is employed, no data point

is disregarded. As shown in Figure S3, the embedding error is
large with k = 2, while similar distribution patterns are observed
when k = 4−8. Thus, we discuss the results with the k = 8 case, in
which the RCI coordinate is relevant to both of CN bond
stretching and twisting motion (Figure 7). Starting from the FC
region with RCI ≈ 0, the RCI is dominated by the CN stretching
motion for RCI > 0, while it is highly relevant to the CN twisting
motion for RCI < 0. It is also clear that the hops take place either
in the region with either large CN stretching or strong torsional
motion.
We also examine the correlations between pyramidalization

motions and reduced coordinates. Similar to the MDS analysis,
two pathways (A and B in the Figure 8a) are observed, whose
directions are determined by the connection pathways from the
Franck−Condon region to two different hopping areas. As
shown in Figure 8b,c, it is clear that the pyrimidalization motions
take place from starting points to the hopping points. Although
such pyrimidalization motions appear in both A and B pathways,
they are more significant in the later one involving the CN
twisting motion. We also try to check the correlation between
these dihedral angels and two reduced coordinates directly (C
and D in the Figure a). As shown in Figure 8d,e, the
pyramidalization motions seem highly correlated to the second
reduced coordinate RCII, although it is weakly relevant to RCI.
Thus, the inclusion of the second dimensionality (or the second
reduced coordinate RCII) should give more detailed insight of

molecular motion, although the first leading reduced coordinate
RCI has already capture major geometry evolution.
The results above implied that the ISOMAP analysis with

suitable setup may provide more information on important
molecular motion. The nonlinear feature of ISOMAP may
become extremely attractive when the data points are distributed
in a manifold with high dimension.

3.2. The ZaZsZa Isomer of PΦB Model. The photo-
induced dynamics of phytochromes have received considerable
attention,89−91 because of its relevance to the bioclock regulation
of the plants and other autotrophs, such as seed germination,
growth, phototaxis, pigmentation, and so on. Our previous
works92 on the phytochromobilin chromphore (PΦB) model
gave physical insight to its nonadiabatic dynamics. Here we try to
reinvestigate the nonadiabatic dynamics of the PΦB model
compound, particular the ZaZsZa isomer that was identified as
the main isomer of phytochromes by Raman experiments.93,94

Because the current system is not very small, it is interesting to
examine its photoinduced nonadiabatic dynamics in the basis of
the classical MDS and ISOMAP analyses. The nonadiabatic
dynamics of the PΦB model was investigated by TSH method at
the semiempirical OM2/MRCI level17,95−97 including 16
electrons in 12 orbitals: six π, two n, and four π*. To unify the
format of output data for classical MDS and ISOMAP analyses,

Figure 6. ISOMAP analysis of the nonadiabatic dynamics of CH2NH2
+

with symmetry consideration. (a−d) ε-ball ISOMAP results with
different cutoff thresholds and (e−h) k-point ISOMAP results with
different k values.
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the JADE code21,22 with the interface to the MNDO program98

was used to simulate the nonadiabatic dynamics. The current
calculations employed the same setup as reported in our previous
work.92 For each trajectory, the snapshots were taken at every 20
fs and the maximum time to record geometry is 600 fs. Each
successful trajectory gives 30 geometries. A few trajectories do
not go to the end and in these cases less snapshots are taken.
After including the first S1 → S0 hopping geometries and the
ground-state minimum, 3867 geometries were collected to form

a data set. The RMSD calculations do not include all hydrogen
atoms.
The classical MDS analysis of the snapshots in trajectory

propagation gives a very interesting distribution pattern in the
low-dimensional space spanned by two reduced coordinates.
Starting from the Franck−Condon region labeled by the “A” area
in Figure 9 (RCI ≈ −0.2 and RCII ≈ 0.1), two different
propagation pathways are clearly identified. One branch follows
the A−B−C pathway and the second branch is distributed along
the A−D−E pathway.
Along the A−B−C pathway, the dihedral angle of the C9−C10

bond changes from ∼0° at the A area, ∼ 90° at the B area to
∼180° at the C area. We also clearly see that many hops in this
channel take place near the B area. Thus, it is very clear that the
torsional motion of the C9−C10 bond is responsible for the A−
B−C pathway. As a contrast, it is very clear that the torsional
motion of the C10−C11 bond is responsible for the A−D−E
pathway. Most hops in this pathway take place near the D area
with the dihedral angle of the C10−C11 bond close to 90°. The
ratio between the numbers of hops in two channels is around 3:1.
Overall, the two-dimensional data map clearly explains the

nonadiabatic dynamics. The major reaction channel in the
nonadiabatic decay follows the C9−C10 torsion, while the
secondary channel follows the C10−C11 torsional motion. All
main features are very consistent with our previous results based
on the analysis of the time evolution of a large number of internal
coordinates over many trajectories.92

Although the classical MDS analysis provides a clear insight on
molecular motion in the nonadiabatic dynamical evolution, at
least two reduced coordinates are needed for a good
representation. This feature is also reflected by the fact that the
second eigenvalue give an important contribution (see Figure S4
in SI)
Next we performed the ISOMAP analysis with both ε-ball and

k-point approaches. When the very small cutoff threshold ε = 0.2
was used, the embedding error becomes significant (Figure S5).
When such value falls into the range of 0.3−0.6, the embedding
errors become stable. Similar features are observed in the k-point
cases. The very small k value (k = 2) gives very large embedding
error and such error becomes stable with k > 5 (Figure S6).
When the suitable cutoff values were employed in the k-point
case (k > 5) and the ε-ball case (ε = 0.4−0.6), our analyses found
that important features are rather similar in data distribution.
Thus, we only discuss the ε-ball case with ε = 0.4.
When the suitable cutoff threshold, such as 0.4, was employed

in the ε-ball approach, the ISOMAP analysis compresses the data
distribution into the tribranched shape in the two-dimensional
space (Figure 10). The second eigenvalue gives much less

Figure 7. ISOMAP analysis of the nonadiabatic dynamics of CH2NH2
+ with symmetry consideration. The k-point approach was taken with k = 8: (a)

locations of the sampled geometries as a function of RCI and RCII; colors indicate the time following dynamics process; (b) locations of the initial
geometries and the hopping geometries in the map; (c) two key coordinates vs RCI.

Figure 8. Six dihedral angles (relevant to the pyramidalization motion)
vs reduced coordinates in the ISOMAP results; (a) four selected
pathways; (b) along with the A pathway; (c) along with the B pathway;
(d) averaged values of these dihedral angles vs RCI; (e) averaged values
of these dihedral angles vs RCII.
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contribution (shown in Figure S4) and thus the RCII

contribution is minor. It may be enough to use the most leading

reduced coordinate RCI to describe major dynamics behavior,

and thus we can assign it as the main reaction coordinate.

The Franck−Condon region is located near RCI ∼ −0.1.
When the RCI becomes larger (RCI > 0), Figure 11a shows that

the dihedral angle of the C9−C10 bond increases dramatically

from 0° (RCI ≈ 0) to 90° (RCI ≈ 0.2) and even to 150° (RCI ≈

Figure 9.Classical MDS analysis of the nonadiabatic dynamics of PΦBmodel with symmetry consideration. (a) Locations of sampled geometries in the
low-dimensional space spanned by two leading reduced coordinates RCI and RCII. Color codes indicate the time following dynamics process. (d)
Locations of the initial geometries and the hopping geometries in the two-dimensional reduced space. (c) Geometrical aggregations in five
representative locations are shown.

Figure 10. ISOMAP analysis of the nonadiabatic dynamics of the PΦB model with symmetry consideration. The ε-ball approach is used with cutoff =
0.4. (a) Locations of sampled geometries in the low-dimensional space spanned by two leading reduced coordinates RCI and RCII. Color codes indicate
the time following the dynamics process. (d) Locations of the initial geometries and the hopping geometries in the two-dimensional reduced space. (c)
Geometrical aggregations in five representative locations are shown.

Figure 11. (a) The evolution of the four key coordinates vs RCI. (b) The evolution of the two bond distances vs RCI.

Journal of Chemical Theory and Computation Article

DOI: 10.1021/acs.jctc.7b00394
J. Chem. Theory Comput. 2017, 13, 4611−4623

4619

http://pubs.acs.org/doi/suppl/10.1021/acs.jctc.7b00394/suppl_file/ct7b00394_si_001.pdf
http://dx.doi.org/10.1021/acs.jctc.7b00394


1). The hops with RCI > 0 take place near the region with
dihedral angle of the C9−C10 bond near 90° (RCI ≈ 0.2). After
RCI > 1.5, the torsion becomes less important. On the other
hand, the significant C10−C11 torsion is responsible for the
region with −1 < RCI < 0 and hops following this channel take
place in the region with the dihedral angle of the C10−C11 bond
near 90° (RCI ≈ −0.3).
The C9−C10 twisting motion brings the system from the

Franck−Condon region to the hopping points, and Figure 11b
shows that the elongation of the C9−C10 bond and the
shortening of C10−C11 bond also take place. After hops, the
system moves to photoproducts and this process is characterized
by the C9−C10 twisting angle accessing >150°. During the
photoproduct formation on the ground state, the shortening of
C9−C10 and the elongation of the C10−C11 are observed. A
similar bond alternation tendency is observed in the RCI < 0.1
case of the C10−C11 bond twisting channel.
Besides the main active coordinates, C9−C10 or C10−C11, it is

also possible to know whether other coordinates are involved in
RCI. In Figure 11a, the C9−C10 torsion is always accompanied by
the small C5−C6 torsion. Concerning with the hopping
distribution, it is very clear that the CI seam in this channel is
relevant to these two coordinates. At the same time, the C10−C11
and C14−C15 torsional motions are also correlated at the
corresponding CI seam. These features are consistent with our
previous studies.92

As a short summary, the ISOMAP is a very powerful approach
to perform the dimensionality reduction analysis of the
nonadiabatic dynamics of the PΦB model. Although the classical
MDSmethod is good enough to represent the dynamical feature,
at least a two-dimensional space is required. The ISOMAP with
the suitable setups on the other hand, compress all necessary
information into a one-dimensional space. In this case all
dynamical features can be well described by the reaction along a
single reduced coordinate RCI, and thus we can safely assign it as
the reaction coordinate. This provides a direct way to examine
the essential molecular motion responsible for nonadiabatic
decay.
All dimensionality reduction approaches try to extract the

“main” or “leading” pattern based on the statistical analysis of a
large number of data. Although it shows great promise in
capturing the leading features, some minor details are missing. At
the same time, the results by these approaches are only
meaningful when a large number of data are available.
Particularly, if we wish to identify a pattern, the amount of data
to capture this pattern should not only be large enough but also
have a sufficient proportion in all used data points. Thus, we
expect that the current dimensionality reduction approaches
cannot capture the very minor reaction channels, because the
number of trajectories passing them is very low.

4. CONCLUSION
In this work, we employ two dimensionality reduction analysis
tools, classical MDS and ISOMAP, to examine the molecular
motion in nonadiabatic dynamics. Particularly, our purpose is to
construct the reactive coordinates responsible for nonadiabatic
decay by these dimensionality reduction algorithms. Two
representative systems were employed to check the performance
of these dimensionality reduction algorithms.
The classical MDS and ISOMAP analyses follow the below

protocol. The dissimilarity/“distance” between any two arbitrary
geometries obtained in the trajectory propagation is measured by
their RMSD. After the RMSD distance matrix is set up based on

many snapshots over all trajectories, we can perform the classical
MDS and ISOMAP analyses. Then the geometrical data
distribution pattern is constructed in the low-dimensional
space spanned by reduced coordinates. By checking the
geometry aggregates at different areas in the low-dimensional
space, we can directly “see” the essential molecular motion. This
provides a straightforward way to build the major reaction
coordinates responsible for the nonadiabatic dynamics.
Although the classical MDS is a rather simple dimensional

reduction approach, the employment of it already provides many
essential evolution features of nonadiabatic dynamics, for both
two-model systems under study. The symmetry properties in the
dynamical evolution can be well displayed in the classical MDS
analysis. The consideration of the symmetry (permutation,
reflection) normally enhances the contribution of the leading
dimension. Although the classical MDS is very powerful, we also
realize that maybe several reduced coordinates, not only one, are
equally important to illustrate the nonadiabatic dynamics. For
example, at least two dimensions are required for the correct
analyses of two representative examples CH2NH2

+ and PΦB in
this work.
As a powerful nonlinear manifold dimensionality reduction

method, ISOMAPmay largely compress the information pattern
of molecular motion in the nonadiabatic dynamics evolution. In
some cases, even a single reduced coordinate RCI may provide
many essential features of nonadiabatic dynamics. However, as
pointed out by a previous work,55,62 the setup of the correct
cutoff parameter in the ISOMAP is not a trivial task.
Although these dimensionality reduction methods have been

used to analyze the conformation evolution of the ground-state
molecular dynamics, only recently have some works started to
use these ideas to examine nonadiabatic dynamics.71−74 The
current work represents our initial efforts to use linear and
nonlinear dimensionality reduction approaches to analyze the
geometry evolution of nonadiabatic dynamics. Our current
results display that it is possible to extract the major molecular
motion responsible for the nonadiabatic dynamics by using a few
leading reduced coordinates. These leading coordinates are a
mixture of different key molecular motions. For example, the
dimensionality reduction analysis of the nonadiabatic dynamics
of CH2NH2

+ shows that several molecular motions (stretching,
twisting, and pyramidalization) contribute to the leading reduced
coordinates. However, the employment of these analysis tools is
not trivial, which sometimes requires the careful setup of correct
parameters and performing the suitable data prescreening. In
more real situations, geometry evolution may become much
more complicated in nonadiabatic dynamics. For example,
several nuclear degrees of freedom may be highly mixed, very
complicated molecular motions (such as ring opening and ring
puckering) may be involved in the nonadiabatic decay, trajectory
evolution may follow many distinguished reaction pathways, and
the system size may become extremely huge. In these cases, the
identification of the active coordinates by dimensionality
reduction is more challenging. This should be a very interesting
topic in future study.
Here we wish to give some comments on a few important

issues that may be useful to address these challenges. The current
dimensionality reduction approach is based on the statistical
analysis of a large amount of data depicting the geometry
evolution. Only when these data can capture the major geometry
evolution, may we extract a few leading coordinates properly.
Thus, the selection of the suitable molecular descriptors99−106

(for the proper representation of many input geometries) in
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dimensionality reduction analyses should become very critical in
the description of the complicated molecular motion in the
nonadiabatic dynamics of more realistic situations. In this sense,
other molecular descriptors,99−106 such as Bag of Bonds,104

Coulomb matrix,99,105 etc., may become useful in the analysis of
more complicated nonadiabatic dynamics. To deal with very
complicated molecular motions, we may need some additional
tricks (such as landmark points61) in the MDS and ISOMAP
analysis, or even employ other dimensionality reduction
approaches.55,64,65,67,69,70 We also need to point out that
sometimes it may not easy to only use one or two reduced
coordinates to represent the highly mixed active motion of the
molecular systems possible due to the strange topologic structure
of data distribution. This problem is “detected” from the large
embedding errors. In this case, more reduced coordinates should
be used to describe the molecular motion until the embedding
errors get small enough. In addition, it is very challenging to
include the evolution of electronic degrees in the dimensionality
reduction analysis of nonadiabatic dynamics, because it may shed
light on the interesting correlation between electronic and
nuclear degrees of freedom. The proper way to include the
electronic motion in the molecular descriptor is also an
interesting topic in the future. At the same time, these
dimensionality reduction approaches can also be used in other
trajectory-based or Gaussian-wavepacket-based methods. All
problems mentioned above open many research opportunities in
the future.
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